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An alternative: twomixing texture for three neutrinos
or threemixing texture for four neutrinos
∗
Wojieh Królikowski
Institute of Theoretial Physis, Warsaw University
Ho»a 69, PL00681 Warszawa, Poland
Abstrat
The alternative formulated in the title has a hane to be settled, when the existene
of the LSND eet is experimentally exluded or onrmed. The rst option, muh dis-
ussed in literature, works in the ase of three ative neutrinos νe , νµ , ντ , when among
their massive states ν1 , ν2 , ν3 there is no diret mixing between ν1 and ν3, and the mass
hierarhy m21
<∼ m22 ≪ m23 holds. This option is onsistent with the observed deits of
solar νe's and atmospheri νµ's, if ∆m
2
21 ↔ ∆m2sol and ∆m232 ↔ ∆m2atm. On the other
hand, the seond option is an extension of the idea of the former to the ase of four neu-
trinos νs , νe , νµ , ντ (inluding one sterile neutrino νs), when among their massive states
ν0 , ν1 , ν2 , ν3 there are no diret mixings between ν0 and ν2, ν0 and ν3, ν1 and ν3, and the
mass hierarhy m20
<∼ m21 ≪ m22 <∼ m23 is now valid. Suh an option, belonging to a lass
of textures widely disussed in literature, may be onsistent with the observed deits
of solar νe's and atmospheri νµ's as well as with the LSND appearane of νe's in the
beam of aelerator νµ's, if now ∆m
2
10 ↔ ∆m2sol, ∆m232 ↔ ∆m2atm and ∆m221 ↔ ∆m2LSND
(however, in the ase of solar νe's the role of νs's in the disappearane of νe's is reently
questioned). In both options, only the lose neighbours in the hierarhies of massive
neutrinos ν1 , ν2 , ν3 and ν0 , ν1 , ν2 , ν3, respetively, mix diretly. This harateristi fea-
ture of the twomixing texture for three neutrinos or the threemixing texture for four
neutrinos may be somehow physially signiant.
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1. Introdution
First of all, we would like to emphasize that the alternative formulated in the title
of the paper has a hane to be settled, when the existene of the LSND eet [1℄ is
experimentally exluded or onrmed. The rst option of the alternative, muh disussed
in literature [2℄, works in the ase of three ative neutrinos νe , νµ , ντ , when among their
massive states ν1 , ν2 , ν3 there is no diret mixing between ν1 and ν3 [3℄, and the mass
hierarhy m21
<∼ m22 ≪ m23 holds. This option is onsistent with the observed deits
of solar νe's [4℄ and atmospheri νµ's [5℄, if ∆m
2
21 ↔ ∆m2sol and ∆m232 ↔ ∆m2atm. On
the other hand, the seond option of the alternative is an extension of the idea [3℄ of
the former to the ase of four neutrinos νs , νe , νµ , ντ (inluding one sterile neutrino νs),
when among their massive states ν0 , ν1 , ν2 , ν3 there are no diret mixings between ν0
and ν2, ν0 and ν3, ν1 and ν3, and the mass hierarhy m
2
0
<∼ m21 ≪ m22 <∼ m23 is now valid.
Suh an option, belonging to a lass of neutrino textures widely disussed in literature
[6℄, may be onsistent with the observed deits of solar νe's [4℄ and atmospheri νµ's [5℄
as well as with the LSND appearane of νe's in the beam of aelerator νµ's [1℄, if now
∆m210 ↔ ∆m2sol, ∆m232 ↔ ∆m2atm and ∆m221 ↔ ∆m2LSND (however, in the ase of solar
νe's the role of νs's in the disappearane of νe's is reently disputed[4,7℄).
In both options, only the lose neighbours in the hierarhies of massive neutrinos
ν1 , ν2 , ν3 [3℄ and ν0 , ν1 , ν2 , ν3, respetively, mix diretly. This harateristi feature of
the twomixing texture for three neutrinos or the threemixing texture for four neutrinos
may be somehow physially signiant, leading hopefully to a pertinent dynamial model
for the neutrino texture.
2. The rst option
If one onjetures that in the generi CabibboKobayashiMaskawatype matrix for
leptons [8℄,
U =

 c13c12 c13s12 s13e
−iδ
−c23s12 − s13s23c12eiδ c23c12 − s13s23s12eiδ c13s23
s23s12 − s13c23c12eiδ −s23c12 − s13c23s12eiδ c13c23

 (1)
with sij = sin θij > 0 and cij = cos θij ≥ 0, (i , j = 1, 2, 3), there is pratially no diret
1
mixing of massive neutrinos ν1 and ν3 (i.e., θ13 = 0), then U is redued to the following
twomixing form muh disussed previously [2℄:
U =

 1 0 00 c23 s23
0 −s23 c23



 c12 s12 0−s12 c12 0
0 0 1

 =

 c12 s12 0−c23s12 c23c12 s23
s23s12 −s23c12 c23

 . (2)
For the twomixing option (2) the neutrino mixing formula να =
∑
i Uαiνi takes the form
νe = c12ν1 + s12ν2 ,
νµ = c23(−s12ν1 + c12ν2) + s23ν3 ,
ντ = −s23(−s12ν1 + c12ν2) + c23ν3 , (3)
while the inverse neutrino mixing formula νi =
∑
α U
∗
αiνα gives
ν1 = c12νe − s12(c23νµ − s23ντ ) ,
ν2 = s12νe + c12(c23νµ − s23ντ ) ,
ν3 = s23νµ + c23ντ . (4)
Note that Eq. (2) an be presented also in the form U = exp(iλ7θ23) exp(iλ2θ12), where
λ2 and λ7 are two of eight GellMann 3× 3 matries.
In the representation, where the hargedlepton mass matrix is diagonal (and thus
the orresponding diagonalizing matrix  unit), the lepton mixing matrix U = (Uαi)
(α = e , µ , τ , i = 1, 2, 3) is, at the same time, the diagonalizing matrix for neutrino mass
matrix M = (Mαβ) (α , β = e , µ , τ) , U
†MU = diag(m1 , m2 , m3) with m
2
1 ≤ m22 ≤ m23,
so that M =
(∑
i UαiU
∗
βimi
)
. In this ase, the orthogonal twomixing form (2) of U leads
to the real and symmetri
M=


c212m1+s
2
12m2 (m2−m1)c12s12c23 −(m2−m1)c12s12s23
(m2−m1)c12s12c23 s223m3+c223(s212m1+c212m2) (m3−s212m1−c212m2)c23s23
−(m2−m1)c12s12s23 (m3−s212m1−c212m2)c23s23 c223m3+s223(s212m1+c212m2)

 .
(5)
Here, as is seen from Eq. (4), the values c23 = 1/
√
2 = s23 give maximal mixing of νµ
and ντ : (νµ ± ντ )/
√
2, and then c12 ≃ 1/
√
2 ≃ s12  a nearly maximal mixing of νe and
(νµ − ντ )/
√
2: approximately [νe ± (νµ − ντ )/
√
2 ]/
√
2.
2
From the familiar neutrino osillation formulae
P (να → νβ) = |〈νβ|eiPL|να〉|2 = δαβ − 4
∑
j>i
U∗βjUαjUβiU
∗
αi sin
2 xji , (6)
with
xji = 1.27
∆m2jiL
E
, ∆m2ji = m
2
j −m2i (7)
(∆m2ji, L and E measured in eV
2
, km and GeV, respetively) whih is valid for U∗βjUαjUβiU
∗
αi
real (CP violation negleted), one infers in the ase of twomixing option (2) that
P (νe → νe) = 1− (2c12s12)2 sin2 x21 ,
P (νµ → νµ) = 1− (2c12s12c23)2 sin2 x21 − (2c23s23)2(s212 sin2 x31 + c212 sin2 x32)
≃ 1− (2c23s23)2 sin2 x32 ,
P (νµ → νe) = (2c12s12c23)2 sin2 x21 , (8)
where the nal step in the seond formula is valid for x32 = xatm = O(1), when m
2
1
<∼
m22 ≪ m23 or equivalently ∆m221 ≪ ∆m232 <∼ ∆m231 .
The rst formula (8) is onsistent with the observed deit of solar νe's if one applies
the smallermass or largermass vauum global solution or largeangle MSW global solu-
tion or nally LOW global solution [4℄ with (2c12s12)
2 ↔ sin2 2θsol ∼ (0.72 or 0.90 or 0.79
or 0.91) and ∆m221 ↔ ∆m2sol ∼ (6.5×10−11 or 4.4×10−10 or 2.7×10−5 or 1.0×10−7) eV2,
respetively. This gives c212 ∼ 0.5 + (0.26 or 0.16 or 0.23 or 0.15) and s212 ∼ 0.5− (0.26 or
0.16 or 0.23 or 0.15), when taking c212 ≥ s212.
The seond formula (8) desribes orretly the observed deit of atmospheri νµ's
[5℄ if (2c23s23)
2 ↔ sin2 2θatm ∼ 1 and ∆m232 ↔ ∆m2atm ∼ 3.5 × 10−3 eV2, sine then
∆m221 ≪ ∆m232 <∼ ∆m231 for ∆m221 determined as in the ase of solar νe's. This implies
that c223 ∼ 0.5 ∼ s223 and m23 ∼ 3.5× 10−3 eV2, beause m21 <∼ m22 ≪ m23.
Then, the third formula (8) shows that no LSND eet for aelerator νµ's [1℄ should
be observed, P (νµ → νe) ∼ 0, sine with ∆m221 ↔ ∆m2sol ∼ (10−10 or 10−10 or 10−5
or 10−7) eV2 ≪ ∆m2LSND ∼ 1 eV2, one gets sin2(x12)LSND ∼ (10−21 or 10−19 or 10−9 or
10−14) ≪ sin2 xLSND ∼ 1, while (2c12s12c23)2 ∼ (0.72 or 0.90 or 0.79 or 0.91) × 0.5 >
sin2 2θLSND ∼ 10−2.
3
In the ase of Chooz experiment looking for osillations of reator ν¯e's [9℄, where it
happens that (x32)Chooz = 1.27∆m
2
32LChooz/EChooz ∼ 1 for ∆m232 ↔ ∆m2atm, the rst
formula (8) leads to P (ν¯e → ν¯e) ∼ 1, sine (x21)Chooz ≪ (x32)Chooz ∼ 1 for ∆m221 ↔ ∆m2sol
( Ue3 = 0 in our ase). This is onsistent with the negative result of Chooz experiment. We
an see, however, that for the atual lepton ounterpart of CabibboKobayashiMaskawa
matrix the entry Ue3 may be a potential orretion to the twomixing option (2) (|Ue3| <
0.2 aording to the estimation in Chooz experiment).
Further on, we will put c23 ≃ 1/
√
2 ≃ s23. Then, from Eq. (5) we infer that approxi-
mately
M=


c212m1+s
2
12m2 (m2−m1)c12s12/
√
2 −(m2−m1)c12s12/
√
2
(m2−m1)c12s12/
√
2 (m3+s
2
12m1+c
2
12m2)/2 (m3−s212m1−c212m2)/2
−(m2−m1)c12s12/
√
2 (m3−s212m1−c212m2)/2 (m3+s212m1+c212m2)/2

 . (9)
Here, Meµ = −Meτ , Mµµ = Mττ and
Mee = c
2
12m1 + s
2
12m2 , Mee + Mµµ −Mµτ = m1 +m2 , Mµµ +Mµτ = m3 ,
Meµ = (m2 −m1)c12s12/
√
2 . (10)
Assuming that Mee = 0, we get from Eq. (10) the relations Mµµ = (m3+m2 +m1)/2,
Mµτ = (m3 −m2 −m1)/2, Meµ = (s12/c12)m2/
√
2, and
m1
m2
= −s
2
12
c212
, ∆m221 ≡ m22 −m21 = m22
c212 − s212
c412
(11)
or
m1 = −
√
∆m221
s212√
c212 − s212
, m2 =
√
∆m221
c212√
c212 − s212
, (12)
when taking m1 ≤ m2. For instane, applying to Eq. (12) the LOW solar solution [4℄ i.e.,
s212 ∼ 0.5− 0.15, c212 ∼ 0.5 + 0.15 and ∆m221 ∼ 1.0× 10−7 eV2, we estimate
m1 ∼ −2.0 × 10−4 eV , m2 ∼ 3.8× 10−4 eV , (13)
while the SuperKamiokande result ∆m232 ∼ 3.5× 10−3 eV2 [5℄ leads to the estimation
4
m3 ∼ 5.9× 10−2 eV , (14)
what shows expliitly that |m1| <∼ m2 ≪ m3. Thus, in this ase
Mee = 0,Mµµ = Mττ ∼ 3.0× 10−2eV,Meµ = −Meτ ∼ 1.9× 10−4eV,Mµτ ∼ 3.0× 10−2eV,
(15)
where Mµµ
>∼Mµτ ≫Meµ.
In onlusion, the twomixing texture of three (Dira or Majorana) ative neutrinos
να (α = e , µ , τ), desribed by the formulae (2) and (5), is neatly onsistent with the
observed solar and atmospheri neutrino deits, but it predits no LSND eet whose
onrmation should imply, therefore, the existene of at least one sterile neutrino νs,
mixing with νe. This might be either one extra, light (Dira or Majorana) sterile neutrino
νs [6,10℄ or one of three onventional, light Majorana sterile neutrinos ν
(s)
α = ναR +
(ναR)
c (α = e , µ , τ) [11,12℄ existing in this ase beside three light Majorana ative
neutrinos ν(a)α = ναL + (ναL)
c (α = e , µ , τ) [of ourse, ν(a)α = ναL and ν
(s)
αL = (ναR)
c].
The essential agreement of the observed neutrino osillations with the twomixing
option (2) for U (provided there is really no LSND eet) suggests that the onjeture of
absene of diret mixing of massive neutrinos ν1 and ν3, leading to U of the form (2), is
somehow physially important. This absene tells us that only the lose neighbours, ν1
and ν2, ν2 and ν3, in the hierarhy of massive neutrinos ν1 , ν2 , ν3 mix diretly.
3. The seond option
When we want to introdue one sterile neutrino mixing with three ative neutrinos
νe , νµ , ντ (thus leading to four massive neutrino states ν0 , ν1 , ν2 , ν3), we ought to extend
properly the twomixing formula (2) of the previous 3 × 3 mixing matrix U . A natural
form of suh a new 4× 4 mixing matrix seems to be
U =


c01 s01 0 0
−s01 c01 0 0
0 0 c23 s23
0 0 −s23 c23




1 0 0 0
0 c12 s12 0
0 −s12 c12 0
0 0 0 1

 =


c01 s01c12 s01s12 0
−s01 c01c12 c01s12 0
0 −c23s12 c23c12 s23
0 s23s12 −s23c12 c23

 ,
(16)
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if in the hierarhy of massive neutrinos ν0 , ν1 , ν2 , ν3 the new massive neutrino ν0 mixes
diretly only with its lose neighbour ν1 (c01 = cos θ01 and s01 = sin θ01). Then, only the
lose neighbours, ν0 and ν1, ν1 and ν2, ν2 and ν3, in the hierarhy of massive neutrinos
ν0 , ν1 , ν2 , ν3 mix diretly. In the limiting ase of θ01 = 0 the threemixing form (16) of
4 × 4 mixing matrix is redued to the twomixing form (2) of 3 × 3 mixing matrix. It
is interesting to observe that in this fourneutrino texture the sterile smallangle MSW
global solution [4℄ leads to a small value θ01 ≃ s01 ∼ 0.0017 (f. the rst relation (19)
later on). If, however, a onsiderable or even nearly maximal mixing of ν0 and ν1 an
work eetively for solar νe's, suh a small value of θ01 may be replaed by a onsiderable
θ01 or even θ01 ≃ pi/4: c01 >∼ 1/
√
2
>∼ s01. On the other hand, a small mixing of ν1 and ν2
may be suient to explain the possible LSND eet (or its modied version), while the
nearly maximal mixing of ν2 and ν3 still works well for atmospheri νµ's. Thus, putting
in Eq. (16) c23 ≃ 1/
√
2 ≃ s23 and c12 ≃ 1 ≫ s12 ≃ ε
√
2 > 0, we get approximately from
Eq. (16)
U =


c01 s01 ε 0
−s01 c01 ε 0
0 ε 1/
√
2 1/
√
2
0 ε −1/√2 1/√2

 . (17)
The mixing matrix (17) gives through Eqs. (6) with (7), where now α, β = s , e , µ , τ
and i, j = 0, 1, 2, 3, the following neutrino osillation probabilities:
P (νe → νe) = 1− (2c01s01)2 sin2 x10 − 4ε2(s201 sin2 x21 + c201 sin2 x31)
≃ 1− (2c01s01)2 sin2 x10 − 2ε2 ,
P (νµ → νµ) = 1− sin2 x23 − 2ε2(sin2 x21 + sin2 x31) ≃ 1− sin2 x23 − 2ε2
P (νµ → νe) = 2
√
2 c01ε
2 sin2 x21 . (18)
The seond step in the rst and seond formula (18) is valid for x10 = xsol = O(1) and
x32 = xatm = O(1), respetively, where now in this fourneutrino texture m
2
0
<∼ m21 ≪
m22
<∼ m23 or equivalently ∆m210 ≪ ∆m221 <∼ ∆m220 and ∆m232 ≪ ∆m221 <∼ ∆m231.
Then, the formulae (18) are onsistent with experimental data for solar νe's [4℄, atmo-
spheri νµ's [5℄ and LSND aelerator νµ's [1℄, if
6
(2c01s01)
2 ↔ sin2 2θsol ∼


6.6× 10−3 or
0.72 or
0.90
, ∆m210 ↔ ∆m2sol ∼


4.0× 10−6 eV2 or
6.5× 10−11 eV2 or
4.4× 10−10 eV2
,
1↔ sin2 2θatm ∼ 1 , ∆m232 ↔ ∆m2atm ∼ 3.5× 10−3 eV2 ,
2
√
2ε2 ↔ sin2 2θLSND ∼ 10−2 , ∆m221 ↔ ∆m2LSND ∼ 1 eV2 , (19)
respetively. Here, in the ase of solar νe's we apply the sterile smallangle MSW global
solution or, just for an illustration, smallermass or largermass vauum global solution
[4℄ (however, in the ase of solar νe's the role of νs's in the disappearane of νe's is reently
disputed [4,7℄). Then, c201 ∼ (1 or 0.76 or 0.66) and s201 ∼ (0.0017 or 0.24 or 0.34). From
Eqs. (19) we obtain readily the estimations m2 ∼ 1 eV, m3 ∼ 1 eV and m1 ∼ (2.0× 10−3
or 8.1× 10−6 or 2.1× 10−5) eV, the last if we onjeture that m0 = 0, and ε ∼ 5.9× 10−2.
This shows expliitly that m0
<∼ m1 ≪ m2 <∼ m3.
In the ase of mixing matrix (17), the 4 × 4 mass matrix M = (Mαβ) (α, β =
s , e , µ , τ), takes, up to O(ε2), the form
M =


c201m1+s
2
01m2 c01s01(m1−m0) ε(s01m1+m2/
√
2) ε(s01m1−m2/
√
2)
c01s01(m1−m0) s201m0 + c201m1 ε(c01m1+m2/
√
2) ε(c01m1−m2/
√
2)
ε(s01(m1+m2/
√
2) ε(c01(m1+m2/
√
2) (m2+m3)/2 (m2−m3)/2
ε(s01(m1−m2/
√
2) ε(c01(m1−m2/
√
2) (m2−m3)/2 (m2+m3)/2

 ,
(20)
sine M =
(∑
i UαiU
∗
βimi
)
. Hene, up to O(ε2),
m0,1 =
Mss +Mee
2
∓
√(
Mee −Mss
2
)2
+M2se , m2,3 = Mµµ ∓Mµτ , (21)
where Mee = Mss + (c01/s01 − s01/c01)Mse, Mss = (s01/c01)Mse (when m0 = 0), Mse ∼
c01s01(2.0× 10−3 or 8.1× 10−6 or 2.1× 10−5) eV (when m0 = 0) and Mττ = Mµµ ∼ 1 eV,
Mµτ ∼ (3.5/4)× 10−3 eV.
If eventually the LSND eet turns out to be onrmed, then at least one sterile
neutrino mixing with three ative neutrinos ought to exist. The seond option disussed
here is a natural andidate for its texture. If there are more sterile neutrinos mixing with
ative neutrinos, the neutrino texture would be eetively more extended [13℄.
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